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Previous works on nodal d-wave superconductors have shown that a Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) like modulated superconducting (SC) state can be realized with no magnetic
field when quasiparticles acquire an additional linear term in the wavevector in their dispersion. In
the present work, stability of such a novel modulated SC state in an artificial film against an applied
magnetic field is studied. As a reflection of the presence of the two different FFLO states, one close
to zero field and the other at the high field end, in a single field v.s. temperature phase diagram
of thin films, the conventional uniform SC state generally tends to appear as a reentrant ordered
phase bounded by the normal phase in lower fields.
PACS numbers:
I. INTRODUCTION
The conventional superconducting (SC) phase is char-
acterized by a spatially uniform SC order parameter as a
reflection of the Bose-Einstein condensation. In several
situations, however, a SC ground state can have a spa-
tial modulation in the SC order parameter even if quan-
tized vortices are absent. Such a modulated SC state is
regarded as one of the Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) states [1, 2] and is usually stabilized by a popula-
tion imbalance of up-spin and down-spin electrons in the
momentum space, i.e., by a uniform splitting between the
two species of Fermi surfaces provided by strong Pauli
paramagnetic pair-breaking. It is believed at present
through extensive studies that the high field SC phase
in the heavy fermion material CeCoIn5 is the above-
mentioned FFLO vortex state with a one-dimensional
modulation parallel to the applied magnetic field [3–5].
It has been clarified recently in different contexts that
a similar but different type of spatially modulated SC
state becomes possible in nodal d-wave superconductors
if the quasiparticle dispersion εk includes an additional
term linear in k of the type
εk = ε
(0)
k +V · k, (1)
where k is the wavevector,V is k-independent, and ε
(0)
k is
an even function of k. Such contexts include (1) zero field
cases in an external current [6], (2) thin films in zero field
[7], and (3) Rashba noncentrosymmetric superconductors
in a magnetic field parallel to a gap node direction [8, 9].
The vector V in eq.(1) is proportional to the strength of
the external current in the case (1), the inverse of the
film thickness in the case (2), and the Zeeman energy
and the spin-orbit coupling in the case (3). In all of
these cases, an interplay between the k-dependence in
the last term of eq.(1) and the corresponding one of the
SC gap function favors a spatial modulation parallel to
a gap-node direction in the SC state. We note that it
is a FFLO-like state accompanied only by a pure phase
modulation which may be realized in all the cases if the
vortices are absent.
In the present work, we focus on the above-mentioned
case (2), i.e., a SC film sample with an anisotropic nodal
pairing. In Ref.[7], a tendency of formation of the modu-
lated SC state in a SC film with dx2−y2-wave pairing has
been pointed out in zero field case [7]. There, a dx2−y2-
wave paired SC film sample is assumed to have a gap node
parallel to the film plane and to be obtained by cutting
the bulk sample along the plane formed by a nodal (e.g.,
(1, 1, 0)) and z directions, and, in addition, the specu-
lar condition on the boundary surfaces is assumed. The
main point in Ref.[7] is that a combination of this bound-
ary condition and the d-wave pairing symmetry leads to
a spatial modulation of the SC order parameter parallel
to the film plane and a gap node direction. In contrast,
if the boundary surface is not parallel to any gap node
direction but is parallel to an anti-node (e.g., (1,0,0)) di-
rection in the dx2−y2-pairing case, no stable modulated
SC state appears, and just the ordinary spatially uniform
SC state is realized in zero field.
Then, it is natural to imagine whether this nontrivial
mechanism leading to a modulated SC state is affected
by applying a uniform magnetic field. Since, at least, the
Zeeman effect on the conduction electrons breaks a spin-
singlet pair, the modulated state in zero field would be
suppressed with increasing field. However, it is unclear
whether, by increasing the field, this state gives way to
the normal state or other SC states. In fact, the conven-
tional FFLO state due to the momentum-independent
population imbalance should be realized in high fields and
at low temperatures. The resulting field-induced compe-
tition between the two different modulated states may
lead to unusual field dependences of the phase diagram
in intermediate fields.
Hereafter, we investigate possible field v.s. tempera-
ture phase diagrams of films of unconventional supercon-
ductors in a magnetic field parallel to the film plane by
assuming that the material is close to the Pauli limit so
that the presence of vortices is negligible. Even in film
samples with thickness of several times of the zero tem-
perature coherence length ξ0, field-induced vortices might
not be negligible in general. Nevertheless, if the applied
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FIG. 1: Geometry of superconducting (SC) film samples with
thickness D and the dx2−y2 -pairing in which the gap nodes
are parallel to the film plane (the dx2−y2 symmetry in this
setup is called hereafter as Dxy). The py-pairing case is also
indicated here for comparison. The flat film surfaces are in
z-x plane. Due to the specular boundary condition on the
quasiparticles under the gap nodes parallel to the film plane,
the amplitude of the SC gap function |∆| is suppressed to
zero on the sample surfaces. Effects of a finite magnetic field
applied in the gap-node direction within the 2D plane (the
x-direction ) will be considered in sec.III.
magnetic field, i.e., the straight vortex axis, is parallel to
the modulation direction of the phase-modulated state
occurring even in zero field, the vortex lattice pattern
in the plane perpendicular to the field is unaffected by
this phase-modulation, implying that conclusions on the
(mean field) transitions to the normal phase and to the
modulated SC states obtained in the Pauli limit, i.e.,
without the orbital pair-breaking, are applicable to de-
scribing real superconductors with large paramagnetic
pair-breaking effect. This argument is based on previ-
ous studies on the corresponding bulk system [5, 10]. Of
course, the spatially uniform SC phase appearing in our
calculation in the Pauli limit should correspond to an or-
dinary vortex lattice in a thin film, which consists of the
vortices running straight along the field parallel to the
film plane.
Geometry of the present system is illustrated in Fig.1.
Although our focus is primarily on the nodal d-wave su-
perconductors, we also discuss a simpler nodal p-wave
pairing case in order to clarify that one of origins of the
present phase-modulated state in zero field is a gap node
parallel to the film plane. It is found that, for a film
thickness of several times of ξ0, applying a weak paral-
lel magnetic field in the d-wave nodal SC case changes
the modulated SC state in low fields to the normal state,
while the uniform SC and the conventional FFLO states
survive in higher fields further. Consequently, reentrant
SC phases are expected to occur with increasing the field
for a film thickness of several times of ξ0. It is pointed out
that such a strange field dependence of the SC phases,
in part, stems from the nonmonotonous thickness depen-
dence of the SC transition temperature in zero field [7].
The present paper is organized as follows. In sec.II,
theoretical formulation is explained, and thickness v.s.
temperature phase diagrams of a d-wave film taken at low
enough fields are discussed together with a p-wave case
in zero field in sec.III. In sec.IV, field v.s. temperature
phase diagrams in the d-wave case which are our main
focus in the present work are discussed. In sec.V, the
present work is summarized.
II. FORMULATION
In the present work, the boundary condition for the
SC order parameter ∆ on the film surface plays an im-
portant role in obtaining a spatial modulation of the SC
order parameter. To explain how the boundary condi-
tion results in a modulated SC phase, let us start from
describing the quasiclassical approach used in the present
work.
Since we study not only the spin-singlet d-wave pairing
in magnetic fields but also a p-wave pairing case in zero
field, Eilenberger equations for the quasiclassical Green’s
functions [11–13] represented in the Nambu space will be
considered. Following Ref.[14, 15], they are expressed by
[iεnτˆ3 − ∆ˆ− Iˆ , gˆ] + ivF · ∇gˆ = 0, (2)
where the bracket denotes the commutator, εn is a
fermion Matsubara frequency, and τˆj (j = 1, 2, and 3)
are the particle-hole Pauli matrices. We largely follow
Ref.[15] regarding the notation of the gap function and
the Green’s functions gˆ satisfying (gˆ)2 = −pi2. They will
be parameterized in the form
∆ˆ =
(
0 i(∆(r,p) +
∑
j=1,2,3∆j(r,p) · σj)σ2
iσ2(∆
∗(r,p) +
∑
j=1,2,3∆
∗
j (r,p) · σj) 0
)
,
gˆ =
(
g + g · σ i(f + f · σ)σ2
iσ2(f
′ + f ′ · σ) −g + g · σ∗
)
. (3)
The matrix Iˆ expresses the Zeeman energy term. In the
parallel field configuration (H ⊥ yˆ) of our interest in the
following sections, Iˆ is diagonal, and its element gives
the Zeeman energy µH in the Nambu space. Further,
r = (x, y, z) is the center-of-mass coordinate of a Cooper
pair. As mentioned in sec.I [10], the orbital pair-breaking
effect inducing the vortices can be safely neglected in
the present geometry (see Fig.1). Thus, the strength of
3the magnetic field can be identified hereafter with the
dimensionless Zeeman energy
h ≡ 2
pi
eγ
µH
Tc(0)
, (4)
where γ is the Euler constant. The numerical factor
4eγ ≃ 7.1 in the above expression results from the con-
ventional definition of the Maki parameter αM for the
s-wave bulk superconductor [16].
As is well known, minimization of the free energy with
respect to the gap function ∆ results in the so-called gap
equation, which, in the spin-singlet-pairing case, connects
∆ˆ with the scalar anomalous Green’s functions f(εn) and
f ′(εn) = (f(−εn))∗ in the manner
∆(r) ln
(
Tc0
T
)
= T
∑
n≥0
〈
Y∗(p)
(
2pi∆(r)Y(p)
|εn|
− f(r,p; εn)− f
′ ∗(r,p; εn)
)〉
p
. (5)
Here, Tc0 is the SC transition temperature in zero field,
and 〈 〉p is the angle average over the Fermi surface.
Further, Y(p) denotes the normalized pairing function
satisfying 〈|Y(p)|2〉p = 1. It appears through the fac-
torization ∆(r,p) = ∆(r)Y(p) and, in the case with gap
nodes parallel to the xˆ-direction, is proportional to pˆy.
The system geometry is reflected in the boundary con-
dition on f(r,p; ε) on the outer surface. As in Ref.[7],
the specular condition on a flat boundary surface in z-x
plane will be used by assuming a surface roughness to be
negligible (see the geometry in Fig.1). Then, we have
f(r;p; εn) = f(r;p; εn) (6)
on the surface, where p = p−2nˆ(p · nˆ), and nˆ is the unit
vector normal to the surface, which is in the y-direction
in Fig.1. It means that, if
Y(p) = −Y(p), (7)
the SC order parameter ∆(r) and f vanish on the sur-
face. Among pairing states satisfying eq.(7), we will focus
below on the following ones
Y(p) =
√
2pˆxpˆy,
Y(p) =
√
2pˆy, (8)
both of which, in x-y plane, have a gap node in the
parallel direction to the boundary surface. The for-
mer case corresponds to a film sample prepared by cut-
ting a dx2−y2-paired superconductor along, for instance,
the (1,1,0) direction. Hereafter, this situation with the
dx2−y2-pairing symmetry will be called as Dxy-pairing
case.
In addition, as a typical r-dependence of ∆(r) vanish-
ing on y = ±D/2 (see Fig.1), we choose the form
∆(r) = ∆(x)
√
2cos(piy/D). (9)
For simplicity, the cylindrical Fermi surface with the sym-
metry axis parallel to zˆ will be used throughout this pa-
per.
As will be stressed in sec.III, a continuous normal to
superconducting (SC) transition point can be found di-
rectly from the O(|∆|2) term of the free energy, or equiva-
lently, from eq.(5) linearized with respect to ∆. To obtain
a transition occurring deep in the SC phase such as an
onset of a FFLO modulation, the following quasiclassical
representation [15] of the SC contribution ∆Fsc to the
Luttinger-Ward free energy functional
∆Fsc =
∫
dxdy
T
2
∫ 1
0
dλN(0)
∑
εn
〈
Tr∆ˆ
(
gˆλ − 1
2
gˆ
)〉
p
(10)
is more useful rather than the gap equation (5), where
N(0) is the density of states (per spin) at the Fermi level
in the normal state, and the auxiliary Green’s function
gˆλ is the solution of the Eilenberger equation with ∆ˆ
replaced by λ∆ˆ. The transition from the uniform SC
state to a phase-modulated Fulde-Ferrell (FF) SC state
∆FF(x) = exp(iqxx)|∆(0)| (11)
or to an amplitude-modulated Larkin-Ovchinnikov
(LO) SC state
∆LO(x) =
√
2cos(qxx)|∆(0)| (12)
is signaled by emergence of a finite equilibrium value
of the modulation wave number qx.
III. THICKNESS V.S. TEMPERATURE PHASE
DIAGRAMS
In this section, we will discuss the zero field case. By
comparing thickness-temperature phase diagrams for the
spin-triplet py-pairing and the spin-singlet Dxy-pairing
[7] cases to each other, we stress that the presence of
a gap node parallel to the film plane induces the phase-
modulated state at lower temperatures and that a strange
thickness dependence of the SC transition temperature is
commonly seen in those SC films.
To discuss the character of the normal to SC phase
transition in the mean field (MF) approximation which
is signaled by vanishing of the SC energy gap, the
form of the Ginzburg-Landau (GL) free energy which
can be obtained from the gap equation (5) will be
explained. By introducing the Fourier-transformation
∆(x) = L
−1/2
x
∑
qx
∆qx exp(iqxx) to incorporate possi-
bilities of a spatially varying mean field solution of ∆(x),
the quadratic (O(|∆|2)-) term of the GL free energy is
recovered in the form
4FH=0 = N(0)
∑
qx
[
ln
(
T
Tc0
)
+
∫ ∞
0
dρ
2piT
sinh(2piTρ)
〈
|Y(p)|2
(
1− cos(ρvF pˆxqx)cos
(
ρpivF
pˆy
D
))〉
φp
]
|∆qx |2 (13)
 
0 0.2 0.4 0.6 0.8 1
t
d
0.4
0.3
0.2
0.1
-1
Normal
q = 0
x
q = 0.5
x
FIG. 2: Thickness dependences of the SC transition tempera-
ture, Tc(d
−1), of superconducting films with the pairing sym-
metry Y(p) = √2pˆy in zero field which have been obtained
by assuming various qx-values, where t = T/Tc(0). The en-
velope of those Tc(d
−1)-curves is nothing but the resulting
mean field SC transition curve between a SC phase and the
normal (N) phase and is described as a solid curve in Fig.3
(a). At lower temperatures where the boundary condition (a
finite D) is more effective, the Tc(d
−1)-curve with finite qx
tends to be realized. The SC transition is always of second
order (see Fig.3).
from the O(∆) term of eq.(5), where 〈 〉φp denotes the
average over φp with px + ipy = pF exp(iφp) for the
present cylindrical Fermi surface. Here, by first assum-
ing the transition to be continuous, let us consider the
situation under which the coefficient of |∆qx |2 in eq.(13)
vanishes. In the cases of our interest, Y(p) ∝ py, i.e.,
when we have gap nodes in the xˆ-direction, the sign
factor cos(ρpivF pˆy/D) in eq.(13) may contribute to the
negative sign for a broad range of the ρ-value. Then,
inevitably, a state with a finite qx, i.e., a state with a
modulation parallel to a gap node is favored in order
for cos(ρvF pˆxqx) to be also accompanied by the nega-
tive sign so that the negative sign of the coefficient of
the |∆qx |2 term, i.e., the SC ordering, may become pos-
sible. Like the mechanism leading to the conventional
FFLO state induced by the Zeeman field, the dimension-
less film thickness normalized by the zero temperature
coherence length ξ0 = vF/(2piTc), i.e.,
d−1 =
vF
2TcD
= pi
ξ0
D
(14)
plays the roles of the Zeeman energy in the familiar field-
induced FFLO case in the present case.
Figure 2 shows dependences of the normal to SC phase
boundary on assumed qx-values in the d
−1 v.s. tempera-
ture phase diagram in the py-pairing case with zero field.
The actual mean field SC transition line is defined as the
envelope of each curve giving the highest Tc and d
−1 val-
ues among those curves. Its result is presented in Fig.3
as the solid black curve, which implies that, at lower
temperatures and/or for larger d−1, a SC phase with a
nonzero qx leads to a higher transition line and thus, is fa-
vored as the ordered state. The resulting stability region
of a modulated FF SC state has been determined by use
of eq.(10). We note that, as pointed out in Ref.[7], the
present phase-modulated FF state is always more stable
than the LO state. This phase-modulated state corre-
sponds to the helical state in the context of the non-
centrosymmetric superconductors with no field-induced
vortices accompanied [8, 18].
In addition, to clarify the character of this SC transi-
tion, the sign of the quartic (O(|∆|4)) term in the GL free
energy needs to be examined. In fact, in the case with a
conventional FFLO state induced by the p-independent
Zeeman energy, the overall coefficient b of the quartic
term at lower temperatures is negative near the line on
which the quadratic term changes its sign so that the cor-
responding SC transition is of first order [5]. However,
in the present cases where the counterpart of the Zee-
man energy, i.e., vFpˆy/D, is linear in p, it is found that
the coefficient b of the quartic term remains positive even
at lower temperatures (see Fig.3 (c)) and thus that the
mean field SC transition is truly of second order. Again,
this result is compatible with the closely related result
on the low temperature Hc2(T )-transition in the Rashba
noncentrosymmetric superconductors under a field paral-
lel to the basal plane [9] (see Introduction). On the other
hand, in the case of the present Fig.2, the resulting SC
transition curve defined by a sign change of the quadratic
term shows a nonmonotonous temperature dependence.
This feature is in contrast to that in the conventional
case with the p-independent paramagnetic pair-breaking,
where such a nonmonotonous temperature dependence of
the curve on which the quadratic term changes its sign in-
dicates that the mean field SC transition discontinuously
occurs on a different curve [5].
Figure 4 (a) shows the d−1 v.s. temperature phase
diagram of the Dxy-pairing film in zero field, which co-
incides with the result in Ref.[7]. Just like that of the
py-pairing in Fig.3, the uniform SC phase tends to be
destabilized due to formation of the FF state with de-
creasing the film thickness. In theDxy-pairing case, there
are also the gap nodes perpendicular to the film plane
which may partially cover the formation of the FF phase
modulation stemming from the gap nodes parallel to the
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FIG. 3: (a) Resulting thickness dependence of the SC tran-
sition temperature, Tc(d
−1) (solid black curve), for the py-
pairing obtained from the data in Fig.2. Although the Tc v.s.
d−1 curve in t < 0.4 becomes nonmonotonic upon cooling
(see the text), the transition on Tc(d
−1) is of second order.
The SC state at lower temperatures and at smaller values of
the film thickness is the phase-modulated Fulde-Ferrell (FF)
state which is separated from the uniform SC (U) state via
another second order transition (solid red) curve decreasing
upon cooling. (b) Temperature dependences of the squared
order parameters |∆|2 and q2x at d−1 = 0.399, and (c) the cor-
responding coefficient a of the GL quadratic term [thin (red)
curve] and the corresponding one b of the quartic term [thick
(blue) curve] (see Appendix on their definition). Here, ∆
and qx are normalized by Tc(d
−1 = 0) and ξ−1
0
, respectively,
and hence, are dimensionless. The resulting SC and FF tran-
sitions are of second order in character, as signaled by the
linear vanishings of |∆(t)|2 and of (qx(t))2, respectively.
plane. In fact, although a nonmonotonic behavior of the
second order transition curve Tc(d
−1) is present even in
the Dxy-pairing case (see Fig.4 (b)), it is less remarkable
compared with that in the py-pairing case (Fig.3). Nev-
ertheless, as the inset of Fig.4 (a) shows, this low temper-
ature behavior of the Tc(d
−1) curve is robust against a
weak magnetic field. In sec.III, it will be shown that this
nearly flat but nonmonotonic feature close to t = 0.35 of
Tc(d
−1)-curve results in a reentry of the FF and normal
phases in films with thickness of about 6ξ0. In contrast,
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FIG. 4: (a) Thickness dependence of the SC transition tem-
perature, Tc(d
−1), in the Dxy-pairing case. This phase di-
agram in h = 0 quantitatively agrees with that in Ref.[7].
The inset shows the corresponding result in the small field
h = 0.32. The nonmonotonic behavior of Tc(d
−1) curve at
low temperatures is less remarkable, possibly because of the
additional gap nodes perpendicular to the film plane, but nev-
ertheless visible close to t = 0.35. (b) Temperature depen-
dences of the GL coefficients a [thin (red) curve] and b [thick
(blue) curve] at d−1 = 0.517 in the figure (a). The positive
b-values in the changes of the sign of a on cooling implies that
the SC transition in the figure (a) is of second order.
in sufficiently thick films with large d, the FF phase is
destabilized by such a weak magnetic field (see the inset
of Fig.4).
For comparison, we will comment on the dx2−y2-
pairing case in which an anti-nodal direction is parallel to
the film plane. In this case, the boundary condition (7) is
not satisfied, and the uniform superconductivity rather
than the FF state is always favored. Thus, within the
approximation used here, disappearance of superconduc-
tivity due to the size effect does not occur in this case.
IV. FIELD V.S. TEMPERATURE PHASE
DIAGRAMS
Next, let us examine how the phase diagram of the
Dxy-pairing case is changed by applying a uniform mag-
netic field. For this purpose, the orbital pair-breaking ef-
fect of the magnetic field will be neglected. This assump-
tion is reasonable for describing thin films with thickness
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FIG. 5: Thickness dependence of h v.s. t phase diagram in
the Dxy-pairing case. The used value of d (the normalized
thickness defined in eq.(14)) are 3.33 in (a), 2.0 in (b), 1.95
in (c), 1.93 in (d), 1.92 in (e), and 1.79 in (f), respectively.
The symbol ”LO” indicates the field-induced LO phase. All
transitions indicated in the figures are of second order (see
Fig.6). Field dependences of the order parameters on the
dotted vertical lines in the figures (d) and (e) are shown in
Fig.6.
of several times of ξ0. Further, as argued in sec.I, it is
at least qualitatively valid even with vortices as far as
H ‖ xˆ [10]. Then, a nonvanishing magnetic field ap-
pears only through the Zeeman energy µH , and its effect
can be incorporated simply by replacing cos(ρpivF pˆy/D)
with cos(ρpivF pˆy/D) cos(ρ2µH) in eq.(13) (see [5] and
Appendix for details). Then, the two cosine-factors com-
pete in their signs in the ρ-integral in eq.(13). Physi-
cally, this implies that the applied magnetic field frus-
trates and thus, weakens the size effect enhanced by the
gap nodes. Since, on the other hand, superconductivity
in the present systems is suppressed with decreasing the
film thickness, the applied magnetic field competing with
the size effect may enhance superconductivity. Below, it
will be explained that, in thin SC films with gap nodes
parallel to the film plane and with thickness of the order
of several times of ξ0, rich behaviors reflecting the com-
petition between the magnetic field and the gap node-
induced size effect can occur in the field v.s. tempera-
ture phase diagram such as coexistence of different kinds
of spatially-modulated FFLO states and a field-induced
reentry of the spatially-uniform superconductivity.
Thickness dependence of the h v.s. t phase diagrams
we have obtained is presented in Fig.5. Although the
obtained transition curves in the figures have been deter-
mined from the quasi-classical formulation in sec.II with
eq.(10), all the SC transitions appearing in the present
phase diagram can be alternatively obtained from the GL
free energy shown in Appendix because they are of second
order in character. As seen in Fig.3 of Ref.[7] (see also
Fig.4 in the present work), as far as the same boundary
condition is used, the FF phase of SC films with a gap
node parallel to the film plane under zero field inevitably
appears even in sufficiently thick films with d ≫ 1 at
low enough temperatures [7, 17]. Reflecting this fact,
Fig.5(a) includes this FF phase at low enough tempera-
tures if the applied field is sufficiently low. With decreas-
ing the film thickness, however, the temperature regions
of the uniform and LO SC phases are narrower, while
the FF phase grows and begins to occupy a broader field
and temperature region (see Fig.5(b)). In particular, it
is notable in Fig.5(b) that, as the FF phase grows, the
field-induced LO phase shrinks and, together with the
normal to SC transition curve, is pushed up to higher
fields. This competition between these two modulated
SC phases seems to result in extension of the intermedi-
ate spatially-uniform SC phase. For instance, the point
(t = 0.2, h = 1.4) in Fig.5(b) is included in the uniform
SC phase, although the same point in Fig.5(a) is in the
normal phase, suggestive of an extension of the uniform
SC phase in thinner films. More interestingly, for further
thinner films with the thickness D < 6.13ξ0, the nor-
mal phase begins to intervene between the FF and the
uniform SC phases at low temperatures to push the FF
phase down to lower fields with decreasing the thickness
(see Fig.5(c) and (d)). It is a remarkable feature that
the normal phase begins to enter along the boundary be-
tween the FF and uniform phases with decreasing the film
thickness so that the uniform SC phase at higher fields
can remain stable against the normal state (see Fig.5(e)
and (f)). The above-mentioned competition between the
size effect and the finite magnetic field and the resulting
reentrant survival of the spatially-uniform SC phase are
nontrivial and main results in the present work.
As already mentioned, all the transitions appearing in
these phase diagrams are of second order. In Fig.6, field
dependences of the amplitude of the SC order parameter
∆ and the FFLO order parameter qx taken on the dotted
vertical lines in Fig.5(d) and (e) are shown. For instance,
in Fig.6 (a), the linear vanishing of |∆|2 at three h-values
and that of q2x in the vicinity of h = 0.39 imply the second
order character of these transitions. The q2x curve has
its physical meaning when |∆| is nonvanishing. For this
reason, qx data are not shown in Fig.6 in the field regions
of the normal state.
In contrast to the Dxy-pairing case, the FF phase does
not occur if the film plane is parallel to an anti-nodal
direction of the dx2−y2-pairing function. Then, the re-
sulting field v.s. temperature SC phase diagram consists
only of the uniform and LO SC phases with no reentry
of a low field normal phase.
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FIG. 6: Data of the squared order parameters |∆|2 (solid
curves) and q2x (dashed ones) taken on the dotted vertical
lines in Figs.5 (d) and (e) are presented in the figures (a)
and (b), respectively. The linear vanishings of |∆|2 and of q2x
under a finite |∆|-value ensure that these transitions are of
second order in character.
V. CONCLUSION
In this paper, we have studied the phase structure of
a SC film with an unconventional nodal pairing and, in
particular, have focused on its change due to an applied
magnetic field parallel to the film plane. It has been
found that, when the pairing state has a gap node paral-
lel to the film plane, and consequently, the SC energy gap
or the SC order parameter is deformed along the film’s
surface normal, a kind of Fulde-Ferrell (FF) SC phase
with a spatial modulation parallel to the film plane of
the phase of the SC order parameter is inevitably induced
upon cooling in zero field. When a magnetic field parallel
to the gap-node direction is applied, and the system is
close to the Pauli limit, this unconventional FF state and
the conventional Larkin-Ovchinnikov (LO) state in high
fields coexist in the same field v.s. temperature phase
diagram. With decreasing the film thickness, these mod-
ulated SC states seem to repel each other in the phase
diagram while keeping the uniform SC phase interven-
ing between them intact. Consequently, the FF phase in
lower fields is replaced with the normal phase in thinner
films so that a field v.s. temperature phase diagram with
a reentrant uniform SC phase results in.
As mentioned in sec.I, vortices can be neglected in dis-
cussing thermodynamics and the static phase diagram of
superconductors close to the Pauli limit. Since, as seen
in Fig.5, the main point in the present work is the reentry
of the normal phase in lower fields in thinner films, in-
clusion of the field-induced vortices in the present theory
is expected not to lead to essential changes of our main
results.
An intriguing point is an apparent competition be-
tween the Fulde-Ferrell (FF) state in lower fields and the
conventional Larkin-Ovchinnikov (LO) state at the high
field end of the SC phase. In fact, the FF phase arises
from the anisotropic response to an external field in the
momentum space (see eq.(1)) and thus, is incompatible
with the LO state to be realized even in the isotropic
system. Therefore, it may be expected that the field-
induced reentry of the uniform SC phase will also occur
in other systems with a zero field FFLO phase, e.g., a
case with a FFLO state induced by a multi-band effect
or with a FFLO state induced by an electric current [6]
. These issues will be considered elsewhere.
This work is supported by Grant-in-Aid for Scientific
Research [No. 25400368] from MEXT, Japan.
VI. APPENDIX
A. Derivation of the GL quadratic term
The Ginzburg-Landau quadratic term essentially cor-
responds to the linearized gap equation, so that it can
be obtained by expanding eq.(5) with respect to ∆ and
picking up the leading order contributions. In this ap-
pendix, we sketch an alternative derivation [5] of the GL
free energy functional based on the Gor’kov formalism
which is equivalent to the ∆-expansion of eq.(5). The
GL quadratic term is formally given by
a|∆(0)|2 = 1
N(0)
∫
dr
V
∆∗(r)
( 1
|λ|
− T
2
∑
εn,σ
∑
p
Kˆ2(−i∇r)
)
∆(r),
Kˆ2(−i∇r) = |Y(p)|2Gεn,σ(p)G−εn,−σ(−p− i∇r),(15)
where λ denotes a coupling constant of a pairing inter-
action, Gεn,σ(p) = (iεn − ξ(p) + σµH)−1 is the Gor’kov
Green’s function expressing a quasiparticle in the nor-
mal state, εn is a fermionic Matsubara frequency, and
∇r denotes the gradient with respect to r. By using the
replacement
∑
p → N(0)
∫∞
−∞
dξ(p)〈〉φp , we can carry
out the summation over p, and then, we find
∑
p
Kˆ2(−i∇r) = N(0)
〈 2pii sgn(εn)|Y(p)|2
2i εn + 2σµH + ivF · ∇r
〉
φp
= N(0)
∫ ∞
0
dρ 2pie−2|εn|ρ
〈
|Y(p)|2
× exp
[
i sgn(εn)
(
2σµH + ivF · ∇r
)
ρ
]〉
φp
,(16)
where the equation 1/α =
∫∞
0
dρ exp[−αρ] (Re[α] > 0)
has been used. The summation over εn and σ yields
T
2
∑
εn,σ,p
Kˆ2(−i∇r) = N(0)
∫ ∞
0
dρ
2piT cos(2µHρ)
sinh[2piTρ]
×
〈
|Y(p)|2 cos (− ivF · ∇r ρ)
〉
φp
.(17)
8Since Tc0 is defined as the SC transition temperature at
D =∞ (d−1 = 0) and H = 0, i.e.,
1
|λ| −N(0)Tc0
ωc/Tc0∑
εn>0
2pi
|εn| = 0, (18)
we have
1
|λ| ≃ N(0)
[
ln
( T
Tc0
)
+
∫ ∞
0
dρ
2piT
sinh[2piTρ]
]
. (19)
Eventually, we obtain the GL quadratic term as
a =
∑
q
|Cq|2
[
ln
( T
Tc0
)
+
∫ ∞
0
dρ
2piT
sinh[2piTρ]
×
〈
|Y(p)|2
[
1− cos(2µHρ) cos(vF · q ρ)
]〉
φp
]
,(20)
where Cq is the coefficient of the Fourier expansion
∆(r) = |∆(0)|∑q Cq exp[iq · r]. For the film with the
thickness D, the gap function takes the form of eq.(9), so
that it follows that
|∆(0)|Cq = ∆qx
[
δqy,pi/D + δqy ,−pi/D
]
/
√
2. (21)
Substituting eq.(21) into eq.(20), we obtain eq.(13). Note
that the coefficient a is given by the same expression for
both of the FF and LO states.
B. Expression of the GL quartic term
The GL quartic term is given by
b|∆(0)|4 = (2piTc)
2
2N(0)
∫
dr
V
Kˆ4(∇i)∆∗(s1)∆(s2)∆∗(s3)∆(s4)
∣∣
si→r
,
Kˆ4(∇i) = T
2
∑
εn,σ
∑
p
|Y(p)|4 Gεn,σ(p)G−εn,−σ(−p+ i∇1)G−εn,−σ(−p− i∇2)Gεn,σ(p+ i(∇3 +∇2)), (22)
where ∇i denoting the gradient with respect to si acts
on ∆(si) [5]. The summation over p can be performed in
the same manner as that used in obtaining the quadratic
term, and then, we obtain
b = 2pi2T 2c
∑
Q1+Q3=Q2+Q4
C∗Q1CQ2C
∗
Q3
CQ4
×
3∏
j=1
∫ ∞
0
dρj
2piT cos
(
2µH [
∑3
i=1 ρi]
)
sinh
[
2piT (
∑3
i=1 ρi)
] 〈|Y(p)|4
×
[
cos
(
vF ·Q1(ρ1 + ρ2)− vF ·Q2ρ2 + vF ·Q3(ρ2 + ρ3)
)
+cos
(
vF ·Q1ρ1 + vF ·Q2ρ2 + vF ·Q3ρ3
)]〉
φp
, (23)
where Qi =
(
Qx,i, Qy,i
)
, vF = 2piTcξ0
(
cos(φp), sin(φp)
)
.
In eq. (23), the expression
CQi =
δQy,i,pi/D + δQy,i,−pi/D√
2
δQx,i,qx + δQx,i,−qx√
2
(24)
is valid for the LO state with ∆(r) =
2 |∆(0)| cos(ypi/D) cos(xqx), while
CQi =
δQy,i,pi/D + δQy,i,−pi/D√
2
δQx,i,qx (25)
should be used for the FF state in which ∆(r) =√
2 |∆(0)| cos(ypi/D)ei xqx .
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